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Conventionally, it is considered that the charged leptons are in the simultaneous
eigenstates of “mass” and “family”. Against this view, we consider a case that the
observed charged leptons are not in the eigenstates of family. It is pointed out that,
in this case, we will observe a rare decay µ→ e+ γ without introducing any explicit
µ-e non-conversion term. We conclude that the e−µ mixing θ is smaller than 10−2.
Then, we will speculate a possibility with θ ∼ 10−3.
1. Introduction
It is well known that the observed quarks are in the eigenstates of masses, but they are
not in the eigenstates of “family”. When we denote the eigenstates of mass as qi = (ui, di)
(i = 1, 2, 3), and the eigenstates of family as q0α = (u
0
α, d
0
α) (α = 1, 2, 3), the relations of both
eigenstates are given as follows,
ui = (Uu)
α
i (u
0)α, di = (Ud)
α
i (d
0)α (1.1)
then the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix [1] UCKM is given by
UCKM = (Uu)
†(Ud). (1.2)
We know the observed value of the matrix UCKM , but we do not know the values of Uu and Ud
separately.
Similarly, the lepton mixing matrix, Maki-Nakagawa-Sakata (MNS) mixing matrix [2]
UMNS is defined by
UMNS = (Uν)
†(Ue). (1.3)
We do not know the values of Uν and Ue separately. We know only the observed values of the
mixing matrix UMNS from the experimental values in the neutrino oscillation. Therefore, the
matrix UMNS is sometimes taken as UMNS = Uν . However, at present, we do not know whether
the observed charged leptons can be taken as the eigenstates of th family or not, i.e. Ue = 1 or
not. Of course, there is no theoretical reason for considering Ue = 1.
The purpose of the present paper is how to confirm whether the charged leptons are in
the simultaneous eigenstates for “mass” and “family” or not. Therefore, in this paper, at the
moment, we distinguish those as follows: For mass eigenstates, we use the notation
ei = (e1, e2, e3) = (e, µ, τ) (1.4)
2On the other hand, for the family eigenstates, we use the notation
(e0)α = (e
0
1, e
0
2, e
0
3) = (e
0, µ0, τ0). (1.5)
Here, we should make clear what is the eigenstate of ”family”. In a model with Ue = 1,
it is often that we assign new quantum numbers, ”e”-, ”µ”- and ”τ”-numbers to the observed
charged leptons e−, µ− and τ−. However, in order that such quantum numbers acquire a meaning
in physics, we must consider some new interactions corresponding to such quantum numbers.
Without such new interactions, we cannot detect the existence of such quantum numbers.
In this paper, we do not use such quantum numbers, ”e”-, ”µ”- and ”τ”-numbers. Instead
of such U(1) symmetries, we assume a U(3) gauge symmetry, ”family” symmetry. Those states
given in Eq.(1.5) interact with the family gauge bosons A βα as follows:
Hint = gF (e0)
αγµ(e
0)β(A
β
α )
µ. (1.6)
Then. the family mixing matrix is defined by
ei = (Ue)
α
i (e
0)α. (1.7)
For a family gauge boson model, in this paper, we will adopt the Sumino’s family gauge boson
model [3]. We will give its brief review in Appendix.
If it is Ue 6= 1, we will see the characteristic events µ-e conversions. In the next section
(Sec.2), we will discuss a µ-e conversion
µ+N → e+N. (1.8)
(As we discuss in the next section, the µ-e conversion (1.8) will also take a place for the case
Ue = 1. )
In the section 3, as a more clear event for Ue 6= 1, we will discuss a typical µ-e conversion
µ→ e+ γ. (1.9)
The decay (1.9) usually happens when we introduce an explicit lepton family-number violation
term. However, we would like to emphasize that if we have family gauge bosons, this decay (1.9)
will take place even if we do not introduce such an exotic term.
2. The µ-e conversion µN → eN due to family gauge bosons
For simplicity, we neglect a mixing between µ0 and τ0, so that we assume only a mixing
between e and µ: (
e
µ
)
=
(
cos θ sin θ
− sin θ cos θ
)(
e0
µ0
)
. (2.1)
If Ue 6= 1, the effective µ-e conversion term eγρµ is induced as follows:
eγρµ = (cos θ e0 + sin θ µ0)γρ(− sin θ µ0 − cos θ µ0)
3= cos2 θ e0γρµ
0 − sin2 θ µ0γρe0 + sin θ cos θ (µ0γρµ0 − e0γρe0). (2.2)
The first and second terms interact with A 21 and A
1
2 , respectively. The third and forth terms
interact with A 22 and A
1
1 , respectively. However, hereafter, we will neglect the reactions via
A 12 and A
2
2 , because that via A
1
2 has a small factor sin
2 θ and that via A 22 has a large mass
M22 ≃
√
2M21 ∼ 102 TeV (see Eq.(2.9) later).
µ = cos θ µ0 + · · · e = cos θ e0 + · · · µ = − sin θ e0 + · · · e = cos θ e0 + · · ·
A 12 A
1
1
u = cos θu u0 + · · · u = sin θu c0 + · · · u = sin θu u0 + · · · u = sin θu u0 + · · ·
d = cos θd d0 + · · · d = sin θd s0 + · · · d = sin θd d0 + · · · d = sin θd d0 + · · ·
(a) (b)
Figure 1. µ+N → e+N via A 12 and A 11
The reaction µN → eN (1.8) can take a place via the family gauge boson A 12 , even when
Ue = 1, as shown in Fig.1 (a). When Ue 6= 1, in addition to the diagram Fig.1 (a), the diagram
Fig.1 (b) via A 11 becomes possible.
Since we assume the Sumino’s family gauge boson model [3], the family gauge boson masses
are given by
(Mαβ)
2 = kf (mei +mej), (α ≃ i, β ≃ j). (2.3)
(Sumino has assumed only (Mii)
2 ∝ (mei)n where n is free. However, in this paper, we assume
a more explicit form (2.3) with n = 1. If we assume a case with n ≥ 2, our prediction in this
section will be more enhanced visibly. ) Then, the mass ratio (M211/M
2
12)
2 is given by
(
M211
M212
)2
=
(
2me
mµ +me
)2
∼ (10−2)2 ∼ 10−4. i.e. M11
M12
∼ 10−1. (2.4)
Therefore the ratio of the transitions via A 12 vs A
1
1 is given by
σ(A 11 )
σ(A 12 )
≃
(
sin θ cos θ
cos2 θ
)2( cos2 θu,d
sin θu,d cos θu,d
)2(
M12
M11
)4
∼
(
sin θ
cos θ
)2(cos θu,d
sin θu,d
)2
× 104 ∼ θ2 × 105, (2.5)
4where we regarded as sin2 θu,d ∼ 10−1. (However, note that we know the value of the Cabibbo
angle θC = θd − θd, but we do not know the values of θu and θd separately.)
Thus, if θ ≥ 10−2, the case via A 11 (i.e. the case Ue 6= 1) will be enhanced compared with
the case via A 12 .
However, note that we cannot distinguish σ(A 11 ) from σ(A
1
2 ) by means of the observation
of the reaction µN → eN because of the unknown parameters θu and θd. (It is possible that
the values of sin θu and sin θd separately when we analyze a nucleon dependency (for example,
see Ref. [4]). But, the analysis is not so easy, so that the study is practically impossible.)
Thus, our prediction is given by
Br(µN → eN) ≃ σ(µN → eN)
σ(µN → µN)
∼ sin2 θu,d
(
gF
gZ
)2(MZ
M12
)4
∼
(
MZ
M12
)4
× 10−2, (2.6)
where we put sin2 θu,d ∼ 10−2.
At present, the experimental observation limit [5] is
Br(µN → eN) ≡ σ(µN → eN)
σ(µN → all) < 7× 10
−13, (2.7)
for N = Au.
From Eqs.(2.6) and (2.7), we obtain a constraint
(
MZ
M12
)4
< 10−11 ⇒ M12 > MZ × 103 ∼ 102 TeV, (2.8)
so that it will be impossible to observation to observe the family gauge bosons directly. (Exactly
speaking, the predicted values are dependent on the nuclear target. For example, see Ref.[4].)
Hereafter, we suppose
M21 ∼ 102 TeV, M11 ∼ 101 TeV, (2.9)
from Eq.(2.4) and considering of no observation of the family gauge bosons at LHC.
.
3. The radiative decay µ→ e + γ
Let us show that for the case Ue 6= 1 we can expect the observation of the decay µ→ e+ γ
without introducing any explicit µ-e conversion term.
The decay amplitudeM(µ→ e+ γ) due to a family gauge boson exchange is given by the
three diagrams in Fig.2,
5A βα A αβ
e2 ek ek e1
γ
(a) (b) (c)
Figure 2. Three diagrams for µ→ e+ γ
The transition amplitude is given by
M(µ→ e+ γ) = g2fe u1(p)(Ue) β1 ((Ue)†) kα Fρ(mk,Mαβ) ερ(p− p)(Ue) αk ((Ue)†) 2α u2(q), (3.1)
where ερ is a polarization vector of photon, and u1 = ue and u2 = uµ. The function Fρ(kk,Mαβ)
is given by
Fρ(mk,Mαβ) = F
(a)
ρ (mk,Mαβ) + F
(b)
ρ (mk,Mαβ) + F
(c)
ρ (mk,Mαβ), (3.2)
correspondingly to the three diagrams in Fig.2. For example, F (a) is given by
F (a)ρ (mk,Mαβ) = −i3i3
∫
d4k
(2pi)4
γµ
6 p− 6 k +mk
(p− k)2 −m2k
γρ
6 q− 6 k +mk
(q − k)2 −m2k
γν
gµν
k2 −M2αβ
. (3.3)
k
q q − k p− k p
q − p
Figure 3. Fyenmann diagram corresponding to the diagram (a) in Fig. 2
Note that the charged lepton states which interact with A βα are (e0)α, while the charged
lepton states which propagate in the loop diagram are ek.
In this section, for the purpose to see an actual example, let us discuss a case with only
e↔ µ mixing. The mixing is approximately given by (2.1). Then, the decay amplitude is given
by
M(µ→ e+ γ) = g2F e sin θ cos θ ue(p)γρ {
6− [cos2 θ Fρ(me,M11) + sin2 θ Fρ(mµ,M11)]
+ [ sin2 θ Fρ(me,M22) + cos
2 θ Fρ(mµ,M22)
]
+(cos2 θ − sin2 θ) [Fρ(me,M12)− Fρ(mµ,M12)] } uµ(q) ερ(q − p) (3.4)
Note that the matrix element cannot become zero eve if in the limit of mµ = me. On the
other hand, the matrix element can become zero in the case that all family gage boson masses
are degenerated even if in the case mµ 6= me. This means that if the mass differences among
Mij are negligibly small, the amplitude (3.4) becomes negligibly small.
Since the function Fρ is dimensionless, in general, the value of Fρ is given by
F (mk,Mα.β)ρ ≃ 1
16pi2
1
M2αβ
(
c0M
2
αβ + c1m
2
k
)
γρ, (3.5)
Here, the coefficents c0 and c1 are given by numerical values with the order O(1). The coefficient
c0 is independent of the structure of F (mk,Mαβ), while c1 is dependent on the structure of
F (mk,Mαβ). Therefore, from the expression (3.4), we find that the first term with the coefficient
c0 cannot contribute to the M(µ→ e+ γ). Only the c1 can contribute to the decay amplitude
(3.4).
Now, we estimate which term is dominant in Eq.(3.4). Here, according to Sumino’s spec-
ulation, we use family gauge boson masses (2.3), so that we use the relation (2.4). Then, the
dominant terms in Eq.(3.4) will be terms with gauge boson masses M11:
M(µ→ e+ γ)
≃ g
2
F e
16pi2
sin θ cos θ ue(p)
[
cos2 θ Fρ(me,M11) + sin
2 θ Fρ(mµ,M11)
]
uµ(q)ε
ρ(q − p)
≃ g
2
F e
16pi2
sin θ cos θ
(
cos2 θ
m2e
M211
+ sin2 θ
m2µ
M211
)
u(p) 6 ε u(q)
≃ θ
[(
me
mµ
)2
+ θ2
](
mµ
M11
)2
mµ × 3.5× 10−4. (3.6)
Here, we have put g2F e/16pi = 2e
3/16pi = 3.52 × 10−4 ( See Eq.(A.5)).
The predicted value of Γ(µ → eγ) is sensitive of the value (mµ/M11)4. Therefore, consid-
ering Eq.(2.9), we denote the value of mµ/M11 as
mµ
M11
= κ× 10−4. (3.7)
Then, we can denote Γ(µ→ eγ) as
Γ(µ→ eγ) ≃ 1
16pi
|M|2 1
mµ
≃ θ2
[(
me
mµ
)2
+ θ2
]2
κ4 × 2.4× 10−15MeV. (3.8)
7Now, we can predict Br(µ→ eγ) as
Br(µ→ eγ) ≃ θ2
[
θ2 +
(
me
mµ
)2]2
κ4 × 0.80 × 10. (3.9)
where we have used Γ(µ→ all) = 1/(2.197 × 10−6s) = 2.996 × 10−16 MeV.
4. Rough estimat of the mixing angle θ
The present experimental limit of Br(µ→ eγ) [6] is
Br(µ→ eγ) < 4.2 × 10−13. (4.1)
Therefore, from (3.9), we obtain a constraint
θ2
[
θ2 +
(
me
mµ
)2]2
κ4 < 5.3× 10−14, (4.2)
i.e.
θ
[
θ2 +
(
me
mµ
)2]
κ2 < 0.23 × 10−6. (4.3)
Note that under the present estimate, the numerical factor c2 in the expression (3.5) was taken
as c2 = 1 for convenience. The factor c2 is not sensitive to our rough estimate of θ as compared
with the parameter κ.
For convenience, we put
θ = x× 10−2, a =
(
me
mµ
)2
× 104 = 0.236, b = 1
κ2
× 0.23, (4.4)
so that we obtain a constraint for x:
y ≡ x3 + ax− b < 0. (4.5)
Since dy/dx = 3x2 + a > 0, the function y(x) = 0 has only one real solution x0 (the other two
are imaginary), so that the constraint (4.5) leads to
x < x0 = 0.49 × 10−2 (κ = 1),
x < x0 = 0.21 × 10−2 (κ = 2).
(4.6)
Thus, even if Ue 6= 1, the value θ of the family mixing is considerably small compared with the
Cabbibo mixing θC = 0.22 in quarks.
85. Conclusion and speculation
We have discussed in the topic ”Are the charged leptons on the simultaneous eigenstates
of mass and family?”. If the observed charged leptons are mixing states among the eigenstates
of ”family” (i.e. Ue 6= 1), the effect of Ue 6= 1 will be observed in the reaction µN → eN and
the decay µ→ e+ γ. However, since the observation µN → eN can be also caused in the case
Ue = 1, the judgment for Ue 6= 1 or Ue = 1 is difficult.
On the other hand, the observation is µ→ e+ γ is characteristic phenomenon in the case
of Ue = 1. As seen in Sec.3, the value θ will be considerably small,
θ < 10−2, (5.1)
in comparison with the Cabibbo mixing angle θC = 0.22 in quarks. However, note this result
(5.1) does not always mean Ue = 1 in the strict sense. We have still a possibility Ue 6= 1 with
θ ∼ 10−3.
This result (5.1) may be related to the fact that the observed charged lepton masses excel-
lently satisfy the so-called charged lepton mass formula
K ≡ me +mµ +mτ
(
√
me +
√
mµ +
√
mτ )2
=
2
3
. (5.2)
which was derived by assuming U(3) family symmetry [7] (not SU(3) family!). Note that the
formula (5.2) was obtained by a field theoretical approach [8], so that the formula (5.2) should
be satisfied only by the running masses, not by the pole masses (observed masses): 1
K(µ) =
2
3
× (1.00189 ± 0.000002), (5.3)
(µ = mZ).
Thus, the charged lepton masses fairly well satisfy the formula (5.2) with a deviation of an
order 10−3. On the other hand, quarks, too, are three family particles, so that quark masses
should be also satisfied a similar formula with (5.2). Nevertheless, the quark masses cannot
satisfy the formula (5.2):
K(mui) =
2
3
× 1.44, K(mdi) = 2
3
× 1.30, (5.4)
where we have used the quark mass values, (mu,mc,mt) = (0.00127, 0.619, 171.7) MeV,
(md,ms,md) = (0.0029, 0055, 2.89) MeV [10].
This may be speculated as follows: the family mixing in the charged leptons is not θ = 0
exactly, but
θ ∼ 10−3. (5.5)
1 For the observed masses, the formula gives
K(mobsei ) =
2
3
× (0.999989 ± 0.000014).
However, we should not apply the pole masses for the formula (5.2). For this unwelcome coincidence, see Appendix:
Sumino’s family gauge boson model.
9As seen in Eq.(5.3), the deviation ∼ 10−3 from K = 2/3 is corresponding to the family mixing
θ ∼ 10−3 (5.5). On the other hand, the large deviations (5.4) from K = 2/3 in the quarks are
corresponding to the large family mixing in the quarks, e.g. θC = θd − θu = 0.22.
We again summarize our conclusion: the family mixing in the charged leptons is not θ = 0
exactly, but θ ∼ 10−3.
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Appendix: Sumino’s family gauge boson model
Let us give a brief review on the Sumino’s speculation [3]. He paid attention to a fact that
the charged lepton mass relation[7]
K ≡ me +mµ +mτ
(
√
me +
√
mµ +
√
mτ )2
=
2
3
, (A.1)
is drastically satisfied with the observed masses (pole masses), Kobs = (2/3)(0.9999989 ±
0.000014). On the other hand, the formula (A.1) should be satisfied with the running masses,
because the relation was derived from a Lagrangian model [8]. However, the relation (A.1) is
not so well satisfied with the running masses K(µ) = (2/3)(1.00189 ± 0.00002) (at µ = mZ).
This mystery was solved by Sumino [3]. Sumino has considered that the the log-term in
the radiative correction due to photon
mrunei (µ) = m
pole
ei
[
1− αem(µ)
pi
(
1 +
3
4
log
µ2
(mpolei )
2
)]
. (A.2)
is canceled by contribution of family gauge bosons with masses Mii
δmfamilyei = +m
pole
ei
αfam
pi
(
1 +
3
8
log
µ2
M2ii
)
(A.3)
The invers sign in (A.3) against (A.2) comes from a Sumino’s unconventional family assignment
(eL, eR) = (3,3) of U(3)family . (For a comment on this unconventional family assignment, see
Ref.[9].) Sumino has supposed that the family gauge boson masses Mii satisfy the relation
(Mii)
2 ∝ mei, (A.4)
in addition to the coupling constant relation
αfam = 2αem. (A.5)
10
Note that Sumino did not consider a possibility (e0, µ0, τ0) 6= (e, µ, τ). However, for the
discussion in Sec.3, we did not need the exact values of the family gauge boson masses, so that
we can apply the Sumino’s result (A.4) to the discussion in this paper.
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